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TRIANGULATION INDEPENDENT PTOLEMY VARIETIES 


MATTHIAS GOERNER AND CHRISTIAN K. ZICKERT 


Abstract. The Ptolemy variety for SL(2, C) is an invariant of a topological ideal triangulation 
of a compact 3-manifoId M. It is closely related to Thurston’s gluing equation variety. The 
Ptolemy variety maps naturally to the set of conjugacy classes of boundary-unipotent SL(2, C)- 
representations, but (like the gluing equation variety) it depends on the triangulation, and 
may miss several components of representations. In this paper, we define a Ptolemy variety, 
which is independent of the choice of triangulation, and detects all boundary-unipotent irre¬ 
ducible SL(2, C)-representations. We also define variants of the Ptolemy variety for PSL(2,C)- 
representations, and representations that are not necessarily boundary-unipotent. In particular, 
we obtain an algorithm to compute the full A-polynomial. All the varieties are topological in¬ 
variants of M. 


1. Introduction 

The Ptolemy variety Pn{T) of a topological ideal triangulation T of a compact 3-manifold 
M was defined by Garoufalidis, Thurston and Zickert [9]. It gives coordinates (called Ptolemy 
coordinates) for boundary-unipotent SL(n, C)-representations of 7ri(M) in the sense that each 
point in Pn(T) determines a representation (up to conjugation). The Ptolemy variety is explicitly 
computable for many census manifolds when n = 2 or 3 (see [6, 5] for a database), and invari¬ 
ants such as volume and Chern-Simons invariant can be explicitly computed from the Ptolemy 
coordinates. The Ptolemy variety, however, depends on the triangulation and may miss several 
components of representations. 

We focus exclusively on the case when n = 2, so we omit the subscript n on the Ptolemy 
variety. Our goal is to define a refined Ptolemy variety P(T), which is a topological invariant of 
M and is guaranteed to detect all irreducible boundary-unipotent SL(2, C)-representations. We 
also define refined variants of the Ptolemy variety for PSL(2, C)-representations [9, 8], and for the 
enhanced Ptolemy variety [11] for SL(2, C)-representations that are not necessarily boundary- 
unipotent. The refined variant of the latter detects all irreducible SL(2, C)-representations. All 
of our varieties are actually schemes over Z, but we shall not need this structure here. 

Thurston’s gluing equation variety also computes PSL(2, C)-representations and the issue of 
triangulation dependence has existed since its inception. Segerman [10] defined a generalization 
of Thurston’s gluing equation variety which detects at least the irreducible representations that 
don’t have image in a generalized dihedral group (we can detect these as well). It is unclear 
to us whether Segerman’s description provides an algorithm to compute it (it relies on deciding 
whether the lift of a normal surface is connected in the universal cover). The invariant Ptolemy 
variety has a more explicit description, is efficiently computable, and is manifestly independent 
of the triangulation. 
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1.1. The Ptolemy variety and decorated representations. The Ptolemy variety P{T) is 
given by nonzero complex variables assigned to the edges of T snbject to a Ptolemy relation for 
each simplex (see Section 3 for a review). The Ptolemy variety parametrizes so-called generically 
decorated representations, and thns only detects representations admitting a generic decoration 
(see Section 3) . We stress that the definition of a decoration is independent of the ideal triangn- 
lation T, bnt the notion of genericity depends on P. 

Any decorated bonndary-nnipotent representation defines Ptolemy coordinates satisfying the 
Ptolemy relations, bnt if the decoration is not generic, some Ptolemy coordinates are 0. In this 
case the Ptolemy relations alone are not enongh to determine a (decorated) representation. 

Remark 1.1. If all Ptolemy coordinates are nonzero, they define ideal simplex shapes satisfying 
Thnrston’s glning eqnations. If some Ptolemy coordinates are 0 the simplices are degenerate. 

We call a decorated representation totally degenerate if all Ptolemy coordinates are zero. This 
is eqnivalent to the condition that the image of the developing map (3.3) is a single point in 
SL(2,C)/i?, and implies that the representation is redncible. This notion is independent of the 
triangnlation. 


1.2. Statement of results. In Section 9 below we define a refinement P{T) of P{T) called 
the invariant Ptolemy variety. It is defined nsing a Ptolemy coordinate for each edge of T 
together with finitely many additional coordinates parametrized by so-called virtual edges (see 
Definition 8.9). The standard Ptolemy variety P{T) embeds as a Zariski open snbset. 

Recall that althongh the set of (bonndary-nnipotent) representations of 7ri(M) is a variety, 
the set of representations np to conjngation is not a variety in general. 


Theorem 1.2. The set of non totally degenerate decorated boundary-unipotent representations 
modulo conjugation is a variety. For each triangulation T of M, the invariant Ptolemy variety 
P(T) provides coordinates, i.e. there is an isomorphism of varieties 


( 1 . 1 ) 


P{T) ^ 


I Decorated, non totally degenerate 
\boundary-unipotent 7ri(M) —)• SL(2,C) 


/ Conj. 


Under this isomorphism, the standard Ptolemy variety PifT) corresponds to the set of generically 
decorated representations. □ 


Since the righthand side is independent of the triangnlation, we have: 

Corollary 1.3. The Ptolemy variety PifT) is np to isomorphism independent of T, i.e. it is a 
topological invariant of M. □ 

There is an action of the complex torns (C*)'^ on P{T), where c is the nnmber of bonndary 
components of M. The qnotient P(T)red is called the reduced Ptolemy variety. A representation 
is boundary-nondegenerate if its restriction to 7ri(5jM) is non-trivial for each bonndary com¬ 
ponent diM of M. Note that if M has a spherical bonndary component no representation is 
bonndary-nondegenerate. 


Theorem 1.4. The map 

( 1 . 2 ) 


PiT) 


red 


I Boundary-unipotent I / 
I 7ri(M)^SL(2,C) // 


induced from (1.1) by ignoring the decoration has image containing all irreducible representations 
and is one-to-one over the set of irreducible boundary-nondegenerate representations. □ 
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Corollary 1.5. The set of conjugacy classes of irreducible, boundary-nondegenerate, boundary- 
unipotent representations is a variety. □ 

Remark 1.6. The preimage over a representation which is not boundary-nondegenerate is typ¬ 
ically (although not always; see Remark 3.15) higher dimensional. 

Remark 1.7. The image of (1.2) may contain reducible representations as well (see e.g. the 
example in Section 12.4.1), but such are necessarily boundary-degenerate (see Proposition 7.7). 

Remark 1.8. One could detect all representations (including all reducible ones) by performing 
a single barycentric subdivision [9]. The resulting variety, however, is not a topological invariant 
since each non-ideal vertex (generically) increases the dimension by one. The growth in the 
number of simplices and the expected dimension also makes computations infeasible. More 
importantly, invariants such as the loop invariant [4], important in quantum topology, are only 
dehned when all vertices are ideal. 

1.2.1. The PSL(2, C)-Pto/emy variety. A manifold may have boundary-unipotent representa¬ 
tions in PSL(2,C) that do not lift to boundary-unipotent representations in SL(2,C). For 
example, the geometric representation of a one-cusped hyperbolic manifold has no boundary- 
unipotent lifts (any lift of a longitude has trace —2, not 2 [2]). The obstruction to existence of a 
boundary-unipotent lift is a class a G i7^(M; Z/2Z), where M is the space obtained from M by 
collapsing each boundary component to a point. For each such class there is a Ptolemy variety 
P^{T) (see [9, 8]). In Section 9 we dehne a rehnement of P (T), which is independent of T- 
The analogue of Theorem 1.4 is the following. 

Theorem 1.9. Let k = |i7^(M;Z/2Z)|. The map 


(1.3) 


p"(r) 


red 


/ Conj 


1 over the set of irreducible, 

□ 


Boundary-unipotent 
7ri(M) ^ PSL(2,C) 

, with obstruction class a 
has image containing all irreducible representations and is k 
boundary-nondegenerate representations. 

1.2.2. The enhanced Ptolemy variety. There is an enhanced Ptolemy variety £P{P) for SL(2, C)- 
representations that are not necessarily boundary-unipotent [11]. It is dehned for manifolds with 
torus boundary with a hxed choice of meridian /i^ and longitude for each boundary component 
dgM. It involves the ususal Ptolemy coordinates together with additional coordinates and 
Ig. We dehne a triangulation independent rehnement £P{P) of £P{T) in Section 9. 

Theorem 1.10. Suppose M has c torus boundary components. There is a map 


(1.4) 


£P{T) 


red 


Boundary-Borel I / 

.7ri(M) ^ SL(2,C)/^ 

with image containing all irreducible representations. It is generically 2^ : 1 over the irreducible, 
boundary-nondegenerate representations. Moreover, the projection to the {ms,ls) coordinates is 
the variety of eigenvalues of fig o.nd Xg. □ 

This can be used to compute the M-polynomial; see Section 12.3 for an example. 

Remark 1.11. Theorems 1.9 and 1.10 were known for V^{P) and £P{P) and representations 
admitting a generic decoration (see [8, 9, 11]). 

Remark 1.12. There is also a variant £P^(fT) for boundary-Borel PSL(2, C)-representations 
dehned for each element a in the cokernel of R^(9M;Z/2Z) —)> R^(M;Z/2Z). We will not 
develop this theory here. See Remark 12.1 for a brief discussion. 
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1.2.3. Relationship with the standard Ptolemy varieties. Note that the set £{!') of transitive 
partitions (see Definition 7.1) always has at least two elements. 

Theorem 1.13. If £{T) has exactly two elements, we have 

( 1 . 5 ) p(r) = P{T), p\T) = P%T), £P{T)=£P{T). 

In other words, the standard Ptolemy varieties detect all irreducible representations of the appro¬ 
priate type. 

Remark 1.14. Althongh the condition |£^(T)| = 2 is easy to check, it is rarely satisfied. Among 
the manifolds in the SnapPy censns OrientableCuspedCensus it only holds for the following 
manifolds: in003, m004, m015, in016, in017, in019, mll8, mll9, mlSO, nil85. 

2. An ALGORITHM TO COMPUTE IRREDUCIBLE REPRESENTATIONS 

We describe an algorithm that is gnaranteed to find all bonndary-nnipotent irredncible rep¬ 
resentations of a manifold, no matter what triangnlation To is nsed as inpnt. The steps involve 
triangnlations obtained from To by performing 2-3 moves, bnt these are pnrely anxiliary. 

Step 0: Compnte all (nonzero) transitive partitions (7o,Eq). 

Step 1: If (TjE) has a degenerate simplex, replace it by a descendant (Definition 8.12) 
(T^ E') after performing a 2-3 move at a face adjacent to a non-degenerate and a 
degenerate simplex. This procednre reduces the nnmber of degenerate simplices 
by one. Repeat nntil all simplices are non-degenerate. 

Step 2: If (E,E) has a degenerate face, replace it by the set of descendants ifT',E') 
where T' is the triangnlation obtained from E by performing a 2-3 move on each 
degenerate face. No descendants have degenerate faces. 

Step 3: For each (T, E) from step 2 compnte the primary decomposition of the rednced 
Ptolemy variety P('T, Fl)red- 

Step 4: For each zero dimensional component of P{T,E)^^fi, compnte the correspond¬ 
ing bonndary-nnipotent SL(2, C)-representations via the Bruhat cocycle (Sec¬ 
tion 5.2). The ontput is a matrix of exact algebraic expressions for each generator 
of 7ri(M) in the face pairing presentation. 

Remark 2.1. The compntation of P^(T)red and £PiE)red follow the same steps. 

Remark 2.2. If a Ptolemy variety contains a higher dimensional component C, one can compnte 
the tantological representation 7ri(M) —)• SL(2, F’(C')), where F{C) is the function field of C. 
See Section 12.4.3 for an example. 

Remark 2.3. Among the 61911 manifolds in the SnapPy census OrientableCuspedCensus there 
is no manifold with more than 53 transitive partitions (average 16). Most of these partitions are 
only mildly degenerate (72%), so steps 1 and 2 above are rarely needed. 

3. Ptolemy coordinates, decorations and cocycles 

We refer to [9] and [7] for the general theory, and to [8] for a review of the case when n = 2 
with many worked out examples. 

Let M be a compact manifold with non-empty boundary and let M be the universal cover of 
M. Let M and M denote the spaces obtained from M and M, respectively, by collapsing each 
boundary component to a point. Given a topologically ideal triangnlation T of M we refer to 
the cells as vertices, edges, faces and simplices of T~. 
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3.1. Ptolemy assignments. Fix a (topological ideal) triangulation T of M. 

Definition 3.1. A Ptolemy assignment on an ordered simplex A is an assignment of a nonzero 
complex number Cij to each oriented edge Eij of A satisfying the Ptolemy relation 

(3.1) C 03 C 12 + C 01 C 23 = C 02 C 13 , 
and the edge orientation relations Cji = —Cjj. 

Definition 3.2. A Ptolemy assignment on T is a Ptolemy assignment on each simplex A^ such 
that the Ptolemy coordinates Cij^k satisfy the identifieation relations 

(3.2) ^ij,k — Cj'j'jfc') when ^ij,k ~ ^i'j',k' 
where ~ denotes identification of oriented edges. 

Definition 3.3. The Ptolemy variety P{T) is the Zariski open subset where Cij^k 7 ^ 0 of the zero 
set of the ideal in generated by the Ptolemy relations, the identification relations, and 

the edge orientation relations. As a set it is equal to the set of Ptolemy assignments on T. 

Remark 3.4. The purpose of the edge orientation relations is to make the Ptolemy variety 
“order agnostic”, i.e. independent of the choice of vertex orderings. Whenever convenient we 
shall eliminate the edge orientation relations and only consider Cij^k with i < j. By choosing 
once and for all representatives for each (oriented) edge of T, the Ptolemy variety can be given 
by a variable for each edge and a relation for each simplex. 

3.2. Decorations. Let B C SL(2,C) denote the subgroup of upper triangular matrices, and P 
the subgroup of upper triangular matrices with I’s on the diagonal. Let G = SL(2,C) and let 
H <Z G denote either P or B. 

Definition 3.5. A (G, R)-representation is a representation 7 ri(M) —)■ G taking each peripheral 
subgroup 7ri((9jM) to a conjugate of H. Such are called boundary-unipotent for H = P and 
boundary-BOrel for H = B. 

Definition 3.6. A (G, R)-representation is boundary-nondegenerate if its restriction to TTi{dMi) 
is non-trivial for each boundary component diM of M. 

Let I{M) denote the set of ideal vertices of M, i.e. vertices of M with the triangulation 
induced by T. Note that each ideal point corresponds to a boundary component of M, so I{M) 
is independent of T. 

Definition 3.7. A deeoration of a simplex A is an assignment of a coset giH to each vertex Vi 
of A. A decoration is thus a tuple (goH, giP[, g 2 H, g^Pf), and we consider two decorations to be 
equal if the tuples differ by multiplication by an element in SL(2, C). A decoration is generic if 
the cosets are distinct as R-cosets (distinct if iL = R). 

Definition 3.8. Let p be a (G, iL)-representation. A deeoration of p is a p-equivariant map 

(3.3) D: I{M) ^G/H, 

i.e. an equivariant assignment of R-cosets to the ideal points of M. When the representation 
plays no role, we shall refer to a decorated representation simply as a decoration. Since gD is 
a decoration of gpg~^ if D is a decoration of p, we consider two decorations to be equal if they 
differ by left multiplication by an element in G. 

Remark 3.9. A boundary-unipotent representation is also boundary-Borel. We shall refer to 
decorations as P-decorations or R-decorations depending on context. 
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Definition 3.10. A decoration is generic if the induced decoration of each simplex of T is 
generic. 

Remark 3.11. Every (G, R)-representation has a decoration, but whether a decoration is 
generic depends on T. 

Remark 3.12. A R-coset determines a point in (9EI = C U {oo}, the boundary of hyperbolic 
3-space, via gB -H- goo. A decoration of a boundary-Borel representation thus determines a 
developing map (see e.g. Zickert [12]) assigning ideal simplex shapes to the simplices of T. A 
decoration is generic if and only if all shapes are non-degenerate. We shall not need this here. 

3.2.1. Freedom in the choice of decoration. If we choose points Ci G I{M), one for each boundary 
component diM of M, a decoration is uniquely determined by the cosets D{ei). The freedom in 
the choice of D{ei) is determined by the image of the boundary components. 

Proposition 3.13. Let p be a (G, R)-representation and let be as above. 

(i) If is trivial, D{ei) may be chosen arbitrarily. 

(ii) If p{7ri(di{M)) is non-trivial and unipotent, D(ei) is uniquely determined by p. 

(iii) If p{'Ki{di{M)) is non-trivial and diagonalizable, D{ei) is determined by p up to a Z/2Z- 

action. □ 

Corollary 3.14. A boundary-nondegenerate (G, P)-representation has a unique R-decoration. 
A boundary-nondegenerate (G, R)-representation generically has 2'^ decorations, where c is the 
number of boundary components. 

Remark 3.15. Different choices of R(ej) may give rise to equal decorations, i.e. decorations 
differing only by left multiplication by an element in G. Hence, even when a boundary-component 
is collapsed, there may be only finitely many decorations (see e.g. the example in Section 12.4.1). 

3.3. Natural cocycles. The triangulation T of M induces a decomposition T of M by truncated 
simplices. 

Definition 3.16. A natural cocycle on a truncated simplex A is a labeling of the oriented edges 
by elements in SL(2, C) such that 

(i) The product around each face (triangular and hexagonal) is I, the identity matrix. 

(ii) Flipping the orientation replaces a labeling by its inverse, i.e. cnjOtji = I = 

(iii) Short edges are labeled by elements in P. 

(iv) Long edges are labeled by counter diagonal elements aij. 

The indexing is such that Uij is the labeling of the long edge from vertex z to j, and fdf- is the 
labeling of the short edge near vertex k parallel to the edge from i to j] see Figure 2. 

Definition 3.17. A natural cocycle on T is a natural cocycle on each truncated simplex such 
that the labelings of identified edges agree. 

Remark 3.18. Decorations, (G, R)-representations, and natural cocycles are also defined for 
G = PSL(2, C). The analogue of Corollary 3.14 holds as well. 

3.4. The diagonal action. If c is the number of boundary components and T C G is the 
subgroup of diagonal matrices, the torus acts on R-decorations, Ptolemy assignments and 
natural cocycles. This action is called the diagonal action and is illustrated in Figure 1. 

Definition 3.19. The quotient of P(T) by the diagonal action is called the reduced Ptolemy 
variety P{T)reA- 
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Figure 1. The diagonal action on decorations, Ptolemy assignments and natnral 
cocycles. 

3.5. The fundamental correspondence. The following resnlt is proved in [9] for SL(n,C). 
For n = 2 the correspondence is particnlarly simple, and is illnstrated in Fignre 2. 

Theorem 3.20. We have a one-to-one-correspondence 

(3.4) {Generic P-decorations} P{T) {^Natural cocycles on T] 

respecting the diagonal action. □ 



Figure 2. The fnndamental correspondence. 


Remark 3.21. A decoration {goP ,..., fl'sT’) is generic if and only if c^- 7 ^ 0, where Cij are dehned 
as in Fignre 2. Even if a decoration is not generic, the Ptolemy relation is still satished. 

4. Other variants of the Ptolemy variety 
References for Section 4.1 are [9, 8 ], and the reference for Section 4.2 is [11]. 

4.1. Ptolemy coordinates for PSL(2, C)-representations. Let a G C'^(M;Z/2Z) be a cel- 
Inlar cocycle representing a class in iL^(M;Z/2Z). Althongh a may not be a cobonndary, its 
restriction au to each simplex is a cobonndary. Fix rjk G C'^(Afc;Z/2Z) snch 6{r]k) = <Tfc. We 
identify Z/2Z with {±1}. 

Definition 4.1. The Ptolemy variety P^{T) is the variety generated by the Ptolemy relations, 
the edge orientation relations, and the modified edge identification relations 

(4.1) Pj,k — j'j',k' 1 ^ij,k — ^i'j',k'- 

Here denotes the valne of % on the ij-edge of A^. 
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Up to canonical isomorphism this is independent of the choices of and only depends on 
the class of a in ff^(M;Z/2Z). 

Remark 4.2. In [8], the Ptolemy relations are modihed, but not the identihcation relations. 
One easily checks that the two dehnitions agreee. 


Theorem 4.3. The analogue of the fundamental correspondence (3.4) is 
(4.2) 

Generically decorated 
(PSL(2, C), P)-representations 
with obstruction class a 


4'^ P*'’^(T) - 


i Natural PSh{2,C)-cocycles on T 
I with obstruction class a 


where z is the order o/Z^(M; Z/2Z), the group of Z/2Z-valued 1-cocycles. □ 

Remark 4.4. A boundary in Z^(M;Z/2Z) acts trivially on the reduced Ptolemy variety, so the 
map from P^{P)red to the set of R-decorations is A; : 1, where k = |R^(M;Z/2Z)|. 

4.2. Non-boundary-unipotent representations. Assume that each boundary component 
dgM is a torus, and that we have hxed a meridian p,s and a longitude As in Hi{dsM). The 
dehnition of £P{P) involves a choice of fundamental rectangle Rg for each boundary component 
dgM, such that the triangulation induced on the torus obtained by identifying the sides of Rg 
agrees with the triangulation of dgM induced by T. It is given by the usual variables Cij^k as 
well as additional variables mg, Ig indexed by the boundary components. 


Definition 4.5. The enhanced Ptolemy variety £P{P) is the Zarisky open subset, where all Cij^k 
and all mg,lg are nonzero, of the zero set of the ideal in U {mg,lg}] generated by the 

Ptolemy relations, the edge orientation relations together with modified identification relations 
of the form Cij^k = pci'j’,k', where p is a monomial in the nig and Ig. 

We refer to [11] for the precise dehnition of the modihed identihcation relations. They are 
illustrated in Figure 3 in the case where there is a single boundary torus, and where the sides 
p.' and X' of the fundamental rectangle agree with /i and A (if they don’t agree perform the 
appropriate coordinate change). Here ij denotes the triangle near vertex i of simplex j. 


2 




Figure 3. The identihcation rela¬ 
tions for a face pairing a. 


Figure 4. Face pairing 
edges and the fundamen¬ 
tal correspondence. 
















TRIANGULATION INDEPENDENT PTOLEMY VARIETIES 


9 


Definition 4.6. Let p: 7ri(M) —>■ SL(2,C) be boundary-Borel. A P-decoration of /? is a p- 
equivariant assignment of P-cosets to each triangular face of T- 


Definition 4.7. The fattened decomposition of M is the decomposition obtained by thickening 
each hexagonal face. The edges consist of the usual long and short edges together with face 
pairing edges (see Figure 4). A fattened natural cocycle is a cocycle on the fattened decomposition 
restricting to a natural cocycle on each truncated simplex and labeling face pairing edges by 
diagonal elements. 


Theorem 4.8. The analogue of the fundamental correspondence is 


(4.3) 


{Generic P-decorations} 4^^ £P(T) 4^^ 


{^Fattened natural cocycles onT'} 


Moreover, the projection of £P{P) onto the mg, Is coordinates is the eigenvalue variety. In 
particular, if M has a single torus boundary component, the one-dimensional components give 
rise to factors of the A-polynomial. □ 


5. Generalization of the fundamental correspondence 

The fundamental correspondence between generic decorations, Ptolemy assignments, and nat¬ 
ural cocycles plays an important role. The Ptolemy variety gives explicit coordinates enabling 
concrete computations, the decorations establish the link to group homology allowing for ex¬ 
plicit computation of the Cheeger-Chern-Simons class [9], and the natural cocycles allow us to 
explicitly recover a representation from its coordinates. 

As mentioned in Remark 3.21 a non-generic decoration still determines a Ptolemy assignment 
(where some coordinates are allowed to be zero) via the map in Figure 2, but this map is neither 
injective nor surjective. For example, if three Ptolemy coordinates on a face are zero, the Ptolemy 
relation becomes 0 = 0, and we can not recover the decoration. Also, a Ptolemy assignment where 
all but one of the Ptolemy coordinates are 0, can never arise from a decoration. In this section 
we generalize the one-to-one correspondence between decorations and natural cocycles. The 
definition of the invariant Ptolemy variety is carried out in Sections 8 and 9. 

5.1. Cocycles, and the action by coboundaries. Let G = SL(2,C). Recall that the trian¬ 
gulation T induces a decomposition T of M by truncated simplices. 

Definition 5.1. A G-cocycle on M is a labeling of the oriented edges of M satisfying (i) and 
(ii) of Definition 3.16. A G-cocycle satisfying (iii) as well is called a (G, P)-cocycle. 

A G-cocycle r determines (up to conjugation) a representation tti(M) —>■ G by taking products 
along edge paths. Note that if r is a (G, P)-cocycle this representation is boundary-unipotent 
and is canonically decorated. Hence, a (G, P)-cocycle determines a decoration. 

Definition 5.2. If D is a decoration and r a (G, P)-cocycle, we say that r is compatible with 
D if the decoration determined by r equals D. 

Let V{T) denote the set of vertices of T- Given an oriented edge e of T, let eo,ei G V(T), 
denote the starting and ending vertex of e, respectively. 

Definition 5.3. A zero-cochain is a map p: V{T) —)• G. The coboundary of a zero-cochain p is 
the G-cocycle labeling an oriented edge e by p{eo)~^p{ei). 

Definition 5.4. The coboundary action of a P-valued zero-cochain p: V{T) —?■ P on a (G, P)- 
cocycle r replaces r by pr, the cocycle defined by 

(5.1) pT{e) = r/(eo)"V(e)r/(ei). 

Note that the coboundary action does not change the decorated representation. 
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5.2. Bruhat cocycles. 

Definition 5.5. A Bruhat cocycle is a natural cocycle as in Definition 3.16, but where long edges 
may be either diagonal or counter-diagonal. A zero-cochain rj: V{T) —)• P preserves a Bruhat 
cocycle r if r/r is again a Bruhat cocycle. 

The motivation for our definition is the following corollary of Bruhat decomposition. 

Lemma 5.6. Let gP and hP be cosets. If gB ^ hB there are unique coset representatives 
gxQ and hxi such that (gxo)~^hxi is counter diagonal. If gB = hB there are (not unique) coset 
representatives such that {gxo)~^hxi is diagonal. 

Proof. By Bruhat decomposition, every g € G can be decomposed as biwb 2 , where w is either 
(iV) (oi) bi ^ B. The result is an elementary consequence. □ 

Corollary 5.7. For every decoration D = {goP, giP, g 2 P, gsP) of a simplex A there exists a 
Bruhat cocycle r on the corresponding truncated simplex A compatible with D. Moreover r is 
unique up to coboundaries preserving r. 

Proof. Lemma 5.6 provides the existence of a map r/: V (A) —)• G such that 6rj is a Bruhat cocycle 
(see Figure 6). Uniqueness up to coboundaries and compatiblity with D is immediate from the 
construction. □ 


The following is the global analogue of Corollary 5.7. 


Theorem 5.8. There is a one-to-one correspondence 


(5.2) 


I Decorated boundary-unipotent I 
( SL(2, C)-representations J 


1;1 
^> 


J Bruhat cocycles r up to 
( coboundaries preserving r 


Proof. We must show that given a decoration D there exists a Bruhat cocycle r compatible 
with D and that r is unique up to the action by coboundaries preserving r. A decoration 
D : I{M) —)• SL(2,C)/P of a representation p determines a map T: V{T) —)• SL(2,C)/P defined 
by taking a vertex near an ideal vertex v to the coset assigned to v. We shall construct a p- 
equivariant lift of F to a map g: V(T) —t- SL(2,C) such that f = Jr/ is a natural cocycle on 
T descending to a natural cocycle r on T. Any cocycle compatible with D arises from this 
construction (since M is simply connected all lifts are coboundaries). Fix an orientation of each 

long edge e of T, and a lift e of e. Each vertex of T is then in the tti orbit of exactly one of 
the vertices cq and ei. By p-equivariance it is thus enough to define g on the set of endpoints 
eo and ei. Now define g{ei) = giXi, where r(ej) = gtP and Xi € P is an element as provided by 
Lemma 5.6. By construction, 5g is a Bruhat cocycle descending to a Bruhat cocycle on T. The 
freedom in the choice of g is exactly the action by coboundaries preserving r. This proves the 
result. □ 


5.2.1. Explicit formulas via Ptolemy coordinates. Note that the labelings of the long edges are 
canonically determined, whereas a short edge is canonically determined if and only if it connects 
two counter diagonal long edges. The result below, generalizing the correspondence in Figure 2, 
gives explicit formulas for the canonically determined edges in terms of Ptolemy coordinates when 
at most one Ptolemy coordinate per face is zero (the mildly degenerate case; see Definition 7.4). 
For a G C and b G C \ {0} let 


x{a) = 



q{b) = 




(5.3) 
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Proposition 5.9. Let Oij and be the labelings of long and short edges of a Briihat cocycle 
coming from a decoration {gQP, giP, g 2 P, gsP) ■ If Cij are the Ptolemy coordinates, we have 

if ^ij 7^ O' 

(5.4) Pij = if CikCkj i- 0. 

^ik^kj 

oiij = -d{c^k^kj) if Cij = 0 and CikCkj / 0. 

Proof. The hrst formula only involves a single edge and is thus independent of whether or not 
the remaining Ptolemy coordinates are zero. The second only involves the face ijk and holds by 
the fundamental correspondence if Cij ^ 0 and for Cij = 0 as well by analytic continuation. The 
third is a consequence of the hrst two using the cocycle condition. □ 

Remark 5.10. Identifying P with C via ( q f) ■H' x allows us to view the labelings of the short 
edges near an ideal vertex u of M as complex vectors. The action of a coboundary taking a vertex 
f to X G C (keeping all other vertices hxed) then corresponds to moving x by x (see Figure 5). 



g^P 

OlXlQ 





^ij 9 1 9j^ji 


9o 'P' '90X02 92X20 ' "92P 


Figure 5. The action by 
coboundary corresponds to 
moving the “center” point. 


Figure 6 . The natural cocy¬ 
cle from a decoration. 


5.3. PSL(2, C)-representations. The analogue of Theorem 5.8 for PSL(2, C)-representations 
and PSL(2,C) Bruhat cocycles also holds. The proof is identical to that of Theorem 5.8 using 
the obvious analogues of Lemma 5.6 and Corollary 5.7 for PSL(2, C). 

5.4. Non-boundary-unipotent representations. Let M be as in Section 4.2. Recall that a 
decoration of p: tti{M) —)• SL(2,C) is a p-equivariant assignment of P-cosets to the triangular 
faces of T. A fattened Bruhat cocycle is a cocycle on the fattened decomposition restricting to 
a Bruhat cocycle on each truncated simplex and labeling each face pairing edge by diagonal 
elements. 

Theorem 5.11. There is a one-to-one correspondence between decorated SL(2, C)-representations 
and fattened Bruhat cocycles. 


Proof. The proof is similar to that of Theorem 5.8 using the fattened decomposition instead of 
the regular one. □ 








12 


MATTHIAS GOERNER AND CHRISTIAN K. ZICKERT 


6. The edge relations 


We now define a relation among the Ptolemy coordinates of a decorated (boundary-unipotent) 
representation. This relation is a consequence of the Ptolemy relations in the case when all 
Ptolemy coordinates are nonzero, but if some Ptolemy coordinates are zero, this relation is 
independent of the Ptolemy relations. Hence, when defining the invariant Ptolemy variety this 
relation must be imposed in addition to the Ptolemy relations. 

Let K be the space obtained by cyclically gluing together ordered simplices Ao,...,Ajv-i 
along a common edge. We order the vertices of each simplex such that the common edge is 
the 01 edge of each simplex, and such that the orientations induced by the orderings agree (see 
Figure 7). We refer to the edges (other than the common edge) as top, bottom, and center edges 
respectively. 


Lemma 6.1. Let c be a Ptolemy assignment on K where all the Ptolemy coordinates of the top 
and bottom edges of K are nonzero. We then have 


( 6 . 1 ) 


N-l 

V 

^ Ci2,fcCi3,fc 


C23,fe 


= 0 


N-l 

E 

fc =0 


C23,A: 


= 0 . 


C02,fcC03 t 


Moreover, if the Ptolemy coordinate cqi of the interior edge is also nonzero, both equations are 
satisfied. 


Proof. We first assume that cqi 7 ^ 0. We have 


( 6 . 2 ) 


N-l 

Coi 

fc =0 


C23,k 

Cl2,kCl3,k 


N-l 


E 


C02,kCl3,k — C03^A:Cl2,fc 
Cl2,A:Cl3,fc 


N-l 


E 


C03,A:-lCl3,fc “ Co3,fcCl3,fc-l 
Cl3,fc-lCl3,fc 


N-l 


E 


0 . 


/C03,A:-1 

^Ci3,fc_l 


C03,k 

Cl3,k 


Here, the first equality follows from the Ptolemy relations (3.1), and the second from the identifi¬ 
cation relations ci 2 ,A: = ci 3 ^fc_i and co 2 ,fc = co 3 ,fc-i (indices modulo N). By a similar computation, 
one also has 

N-l 

(6.3) V ^2!^ = 0. 

^ C02,fcC03,fc 

Since we are assuming that cqi 7 ^ 0, ( 6 . 2 ) and (6.3) together prove the second statement. 

If Cqi = 0, the Ptolemy relations become Co 3 ,fcCi 2 ,A: = C 02 ,kCi 3 ,k, which together with the 
identification relations ci 2 ,fc = ci 3 ^fc_i and co 2 ,fc = co 3 ,fc-i imply that the ratio between ci 2 ,fcCi 3 ^fc 
and co 2 ,fcCo 3 ,fc is independent of k. This concludes the proof. □ 


Definition 6.2. We call the (equivalent) relations (6.1) edge relations around the center edge 
of K. 

Remark 6.3. When all Ptolemy coordinates are nonzero, the fundamental correspondence pro¬ 
vides a natural cocycle on the space K obtained from K by truncating the simplices. In this case, 
the edge relations are equivalent to the relation coming from the fact that the product of short 
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N-1 


n x{dk)=i 

k=0 


N-1 


E 4=0 

fc =0 


Figure 7. A Ptolemy assignment on K. 


Figure 8. Bruhat cocycle 
on K (near top vertex). 


edges around the top and bottom is I (see Figure 8). When some of the Ptolemy coordinates 
are zero this relation is no longer automatically satished and must be imposed. 

6.1. Edge relations for PSL(2, C) Ptolemy assignments. The obvious analogue of Lemma 6.1 
for PSL(2, C) Ptolemy assignments still holds and we dehne the edge relations for PSL(2, C) 
Ptolemy assignments by the exact same formula 6.1. 


6.2. Edge relations for enhanced Ptolemy assignments. Let c be an enhanced Ptolemy 
assignment on K where all the Ptolemy coordinates of the top and and bottom edges of K are 
nonzero. The identihcation relations are given by Ci 2 ,fc = tk^kCis^k-h Co 2 ,fc = 4^fcCo3,A:-i and 
Coi,fc = where the t^, 4 and are monomials in the rUs and Ig (see Figure 9). An 

elementary modihcation (we leave the details to the reader) of the proof of Lemma 6.1 shows 
that we have 


(6.4) 


C23,k 


N-1 

V 

''Cl2,fcCi3 fc 
fc=0 ’ 7=1 


n< 


= 0 


C23,fc 


N-1 

V 

^Co2,A:C03,A: 
k=0 ’ ’ 7=1 




and that both are satished if the Coi,fc are nonzero. We refer to these as edge relations. The 
geometric interpretation of the edge relations is given in Figure 10. 



C03,fe 

Cl2.fe =Cl3,fe-ltfehfc 

C02,fe =C03,fc-l4hfe 

Coi.fe =Coi,fe-ltfe4 


Cl2,fcC23,fc 



n x{dk)d{tk+i)=i^=^ E 4 n ^,7=0 

k=0 k=0 j=l 


Figure 9. Fattened ver- Figure 10. Fattened Bruhat 

sion of Figure 7. cocycle (top view). 
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7. Transitive partitions and degeneracy types 

Note that a decoration determines a partition of the edge set of T into those whose Ptolemy 
coordinates are zero, and those whose Ptolemy coordinates are nonzero. We refer to this partition 
as the Ptolemy partition. We shall consider such partitions in more detail. 

Definition 7.1. A transitive partition is a partitioning of the edges of T into zero-edges and 
nonzero edges such that if two edges on a face are zero-edges, so is the third. The set of transitive 
partitions is denoted by £{T). Occasionally a transitive partition is denoted as a pair {T,E). 

A transitive partition canonically lifts to a partition of the edges of T and of the long edges 
of T and T. 

Lemma 7.2. The Ptolemy partition of a decoration is transitive. 

Proof. If goP, giP and g 2 P are the cosets assigned to the vertices of a face, the Ptolemy coor¬ 
dinates are given by Cij = det{vi,Vj), where Vi = (q)- Hence, a Ptolemy coordinate Cij is zero 

if and only if Vi and Vj are linearly dependent. The result now follows from the fact that linear 
dependence of vectors is transitive. □ 

Definition 7.3. Let E G £(T) be a transitive partition. A face of T is degenerate if all its three 
edges are zero-edges. A simplex of E is degenerate if all of its six edges are zero-edges. 

Definition 7.4. We divide the transitive partitions into the following types: 

Non-degenerate: No zero-edges (there is a unique such). 

Mildly degenerate: Some zero-edges, but no degenerate faces. 

Moderately degenerate: Some degenerate faces, but no degenerate simplices. 

Wildly degenerate: Some, but not all, simplices are degenerate. 

Totally degenerate: All simplices are degenerate (there is a unique such). 

Clearly, any E G £{T) falls into exactly one of these types. 

7.1. Decorations, Ptolemy assignments and Bruhat cocycles. 

Definition 7.5. Let E G £{E). A decoration is of type E if its Ptolemy partition equals E. A 
Bruhat cocycle r has type E if the set of long edges that are diagonal agrees with the zero-edges 
of E. A Ptolemy assignment has type E if the set of edges whose Ptolemy coordinate is zero 
agrees with the zero-edges of E. 

Note that the one-to-one-correspondence in Theorem 5.8 preserves the type. We stress that 
the type depends on the triangulation. 

Remark 7.6. Decorations of type E may not exist. For example, if there is an edge loop where 
all but one edge is zero, the argument in the proof of Lemma 7.2 shows that E cannot be the 
Ptolemy partition of a decoration. 

7.2. The totally degenerate partition. 

Proposition 7.7. If a decoration of a representation p is totally degenerate, then p is reducible. 

Proof. If all Ptolemy coordinates are zero, the decoration must take all ideal vertices of M to 
the same R-coset. This is only possible if p is reducible. □ 

Proposition 7.8. If a decoration of a reducible representation p is not totally degenerate, then 
p is boundary-degenerate. 
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Proof. A reducible representation has a totally degenerate decoration. The only way it can also 
have a decoration which is not totally degenerate is if a boundary component is a sphere or 
collapsed. □ 


8. The Ptolemy variety of a partition 


We now define a Ptolemy variety P{T, E) for each transitive partition E, which is not totally 
degenerate. We shall see that this variety parametrizes decorations with Ptolemy partition E. 
The representation corresponding to an element in P{T,E) can be recovered explicitly via the 
corresponding Bruhat cocycle. 


8.1. Mildly degenerate partitions. Let E G £{T) be mildly degenerate. Then each face of 
T has at most one zero-edge. 

Proposition 8.1. Let c be a Ptolemy assignment on a simplex A. If each face has at most one 
Ptolemy coordinate which is zero, then c is the Ptolemy assignment of a unique decoration. 


Proof. By reordering the vertices if necessary, we may assume that cqi, ci 2 and C 23 are nonzero. 
Letting 

^02 ^13 

(8.1) go = l, gi = q{coi), g2 = gix{ - )q{ci2), g 3 = g2x{ -)g(c 23 )- 

C01C12 C12C23 

The Ptolemy coordinates of the decoration (qqP, giP, g 2 P, gsP) then agree with c as is shown by 
explicitly computing det (ffi ( 0 ) > ( 0 )) • Uniqueness follows from Corollary 5.7 since the natural 

cocycle is determined up to coboundaries by the Ptolemy coordinates (Proposition 5.9). □ 

Let C{E) be a union of disjoint cylindrical neighborhoods of the zero-edges of E. The space 
M \ C{E) decomposes as a union of truncated simplices with the zero-edges being “chopped” 
(see Figure 11). 

Corollary 8.2. A Ptolemy assignment c of type E canonically determines a G-cocycle on the 
space M \ C{E). 


Proof. By Proposition 8.1 and Corollary 5.7, c determines up to coboundaries a Bruhat cocycle on 
each truncated simplex. By Proposition 5.9, all the long edges are canonically determined by the 
Ptolemy coordinates, but a short edge near a zero-edge is only determined up to the coboundary 
action. However, as shown in Figure 11, each chopped truncated simplex inherits canonical 
edge labelings. The fact that the chopped cocycles match up follows from the identification 
relations. □ 

The link of each zero-edge is a complex K as in Section 6 (embedded in m) and since E is 
only mildly degenerate, the top and bottom edges of K are all nonzero. Hence, for a Ptolemy 
assignment of type E the edge relations (Definition 6.2) around each zero-edge are well defined. 

Definition 8.3. Let E be mildly degenerate. The Ptolemy variety P{T,E) is the quasi-afhne 
algebraic set defined by the usual relations (as in Definition 3.3) together with the edge relations 
around zero-edges and the relations Cg = 0 if e is a zero-edge and Ce 7 ^ 0 otherwise. 


Note that each element in P{T, E) is a Ptolemy assignment of type E. 

Theorem 8.4. Let E G SifT) be mildly degenerate. There is a one-to-one correspondence 

J Bruhat cocycles of type E 


(8 2) < Decorated, boundary-unipotent I ^ 

I representations of type E j 


4 P(T, E) 4 ^ 


1 up to coboundaries 
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Figure 11. Natural cocycle af¬ 
ter removing a neigborhood of a 
zero-edge. 


Figure 12. The cocycle ex¬ 
tends if and only if the edge 
relation holds. 


Proof. By Theorem 5.8 all we need to prove is that a Ptolemy assignment of type E determines a 
Bruhat cocycle. By Corollary 8.2, we have a canonical cocycle on M\C{E). By the van Kampen 
theorem this extends to a Bruhat cocycle on M if and only if the product of the labelings around 
each cylinder is /, which is a consequence of the edge relations. The freedom in the choice of 
extension is exactly the coboundary action (see e.g. Remark 5.10). □ 

Definition 8.5. For a G Ff^(M;Z/2Z) define P^{T,E) as in Definition 8.3, but using the 
identification relations (4.1). 

Theorem 8.6. Let E G £{T) be mildly degenerate. There is a one-to-one correspondence 


Type E decorated 
(8.3) ^ boundary-unipotent 

,7ri(M)^PSL(2,C)J 


l:k 


P^{T, E) 


k-.l 


1:1 


Bruhat PSL(2, C)-coc?/c/es 
type E, obstruction class a 
up to coboundaries 


Proof. As in the proof of Theorem 8.4 an element in P^(fT,E) determines a Bruhat cocycle 
up to coboundaries. The fact that this map is A: : 1 follows from the elementary fact that two 
Ptolemy assignments determine the same Bruhat cocycle if and only if they differ by an element 
in Zi(M;Z/2Z). □ 

Definition 8.7. For M as in Section 4.2 define the enhanced Ptolemy variety £P[T,E) as in 
Definition 8.3 using the identification relations from Definition 4.5 and the edge relations (6.4). 


Theorem 8.8. Let E G £{T) be mildly degenerate and M as in Section 4-2. There is a one-to- 
one correspondence 


(8.4) 


J Decorated representations I 
1 of type E J 


^£P{T,E) 


1:1 
< -)■ 


J Fattened Bruhat cocycles of type E 
\ up to coboundaries 


Proof. The proof is identical to that of Theorem 8.4 using the fattened decomposition and the 
geometric interpretation of the edge relations (6.4) given in Figure 10. □ 


8.2. Embeddings in affine space. 

Definition 8.9. A virtual edge of M is an element in the set 
(8.5) V{M) = {L{M) X I{M)) 

of pairs of ideal points in M up to the 7ri(M)-action. 
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Given an ideal triangulation 7~, each oriented edge e of T determines a virtual edge, namely 
the orbit of (eo,ei). Hence, T determines a (finite) subset V{T) of V{M). 

For each subset V of V{M) let A{V) denote the affine space with coordinate ring equal to the 
polynomial ring generated by V. For V <ZW we, have a canonical projection vr: A(W) — )• A(y) 
onto a direct summand. We wish to embed the Ptolemy variety P{T, E) in A{V{M)). The idea 
is that a decoration assigns a Ptolemy coordinate to every virtual edge, not just the edges of 7~. 

Proposition 8.10. Let E G £{E) be non- or mildly degenerate. There is a canonical embedding 
of P(T, E) in the (infinite dimensional) affine space AiV (M)). Furthermore, for each finite subset 
W of V{M) containing V{T) the map 

( 8 . 6 ) PiT,E)^ - ^A{V{M))^^A{W) 

is an embedding of P{T,E) in the finite dimensional affine space A{W). 

Proof. By definition, P{T, E) is a quasi-afhne subset of A(V (T)). To embed P{T, E) in A(V (M)), 
we must construct a surjective map from the coordinate ring Oa(V(M)) of ^(^{^)) fo co¬ 
ordinate ring O of P{P,E). By Corollary 8.2 we have a canonical Bruhat cocycle on the space 
M \ C{E) with edges labeled by matrices in SL(2, O). This cocycle canonically lifts to a cocycle 

on M \ C{E). Given a virtual edge e = (cq, ei), one obtains a matrix Bf, in SL(2, O) by selecting 

a path in M \ C{E) joining eo to ei. Up to left and right multiplication by elements in P the 
matrix Bf, is independent of the choice of path, so the determinant Ce = det(( ^), Hg (5)) is well 
defined. Moreover, if e corresponds to an edge of T, Cg is simply the Ptolemy coordinate of 
e. One thus obtains a surjection OA_(y(^M)) O by taking a virtual edge e to Cg. The second 
statement is obvious. □ 

Remark 8.11. The same result holds for P^{T, E). For £P{T, E) the results hold after replac¬ 
ing A(y) by A(y) X where c is the number of boundary components of M. 

8.3. Moderately degenerate partitions. 

Definition 8.12. Let T' be a triangulation whose edge set contains that of T- A descendant of 
E G £{T) is an element E' G £{T') such that E' agrees with E on the edges of T- If E' G £{T') 
is a descendent of FI G £{P) we write E'^j- = E. 

Lemma 8.13. Let E G £{T) be moderately degenerate and suppose that there are k degenerate 
faces. If T' is the triangulation obtained from T by performing a 2-3 move at each degenerate 
face then E has 2^ descendants each of which is mildly degenerate. 

Proof. Performing a 2-3 move adds an edge which can be either zero or nonzero without violating 
transitivity. In either case, none of the new faces are degenerate (see Figure 13). This concludes 
the proof. □ 

Definition 8.14. Let E G £{T) be moderately degenerate and let T' be the triangulation 
obtained from P by performing 2-3 moves between all degenerate faces. Define 

(8.7) PiT,E)= U P{r,E'), 

eIt=e 

where the (clearly disjoint) union is taken inside A{V[M)) or the finite-dimensional A[W) where 
W is the union of all V{T'). We define P^{T,E) and £P{T,E) similiarly. 
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Figure 13. A 2-3 move, mod¬ 
erately degenerate partition. 



Figure 14. A 2-3 move, wildly 
degenerate partition. 


Theorem 8.15. The one-to-one correspondences (8.2), (8.3), and (8.4) still hold if E is mod¬ 
erately degenerate. 

Proof. If T' is a decoration with edge set containing T, the set of decorations of type E G £{T) 
is the disjoint union, over the descendants E' of E, of the sets of decorations of type E'. The 
result now follows from Theorem 8.4. □ 

8.4. Wildly degenerate partitions. Given a wildly degenerate partition E G £{T). Let d{E) 
denote the number of degenerate simplices. 

Lemma 8.16. Let E G £{E) be wildly degenerate and let T' be a triangulation obtained from T 
be performing a 2-3 moves at a face between a degenerate and a non-degenerate simplex. Then 
E has a unique descendant E' G £{T). Furthermore d{E') = d{E) — 1. 

Proof. Transitivity forces the new edge to be nonzero, so none of the new simplices are degenerate 
(see Figure 14). This proves the result. □ 

Corollary 8.17. Let E G PifT) be wildly degenerate. There exists a triangulation E' obtained 
from E by performing 2-3 moves such that E has a unique descendant E' G £{E')^ which is 
moderately degenerate. 

Proof. Repeatedly perform 2-3 moves at a face between a degenerate and a non-degenerate 
simplex until there are no more degenerate simplices. □ 

Definition 8.18. Let E G £{E) be wildly degenerate and let E' and E' be as in Corollary 8.17. 
Define 

(8.8) P{E,E) = P{E',E') 

and define P‘^{E,E) and £P{E,E) similarly. 

Note that as a subset of A(y{M)) the definition is independent of the choice of E'. 

Theorem 8.19. The one-to-one correspondences (8.2), (8.3), and (8.4) still hold if E is wildly 
degenerate. 

Proof. This follows from Theorem 8.15. □ 

9. The invariant Ptolemy varieties 

We denote the totally degenerate partition where all edges are zero-edges by 0 G <5 (E). For the 
non-degenerate partition E, define P{E,E) to be the standard Ptolemy variety (Definition 3.3). 
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Definition 9.1. The invariant Ptolemy variety P{T) is defined by 

(9.1) P{T)= U PiT,E), 

E&£{T)\{0} 

where the (disjoint) nnion is taken inside A{V{M)). We similarly define P^{T) and EP{T). 

9.1. Affine coverings. A priori, the invariant Ptolemy varieties are only unions of qnasi-affine 
subsets of A{V{M)). 

Proposition 9.2. The invariant Ptolemy varieties are indeed varieties. Changing the triangn- 
lation changes the varieties by biregnlar isomorphisms. 

Proof. We prove this for P{T)] the proof for the other variants are identical. We mnst prove 
that PifT) has an open affine cover. For each transitive partition {'T, E) consider the triangn- 
lation T{E) defined as follows: if E is non-degenerate or mildly degenerate, T[E) = T] A E 
is moderately, or wildly degenerate, define T{E) to be a triangnlation E' as in Definitions 8.14 
or 8.18, respectively. By definition, the invariant Ptolemy variety P{T) is then given by 

(9.2) nT) = { U P{T{E),E)}. 

Ee£ir)\{0} 

F&£(T{E)),F^r=E 

Note that all transitive partitions {T{E), F) in the above nnion are (at worst) mildly degenerate. 
Let W G V{M) be the nnion of all V{T{E)), i.e. W is the set of virtual edges e snch that e is 
an edge of one of the T{E). By Proposition 8.10, we may regard V{T) as a snbset of the finite 
dimensional affine space A{W). Recall that A{W) is given by a coordinate Ce for each virtnal 
edge in W. For a transitive partition {T',E') let 

(9.3) U^T',E') = { n /O} G A{V{M)), 

eeE^o 

where E^q denotes the set of nonzero edges of E' . Clearly, is Zariski open. The inclnsions 

on the define a partial ordering on EifT') snch that 

(9.4) {T',E') < {r,E") ^ U^r',E') c 

Informally, E' < E" if E' is less degenerate than E” . For any transitive partitions {T',E') and 
{T", E") we clearly have 

(9.5) eLq n / 0 ^ E') n = 0 - 

From this it follows that for any E G E{T) and any F G E{T{E)), we have 

(9.6) p(r)nU(T(E),F) = { U P{r,E'))nU(T(E),F)CAiW). 

(r,E')<(r,E) 

By Proposition 8.10 the right-hand side of (9.6) canonically embeds in A{V{T{E))). Let X 
be the affine variety in AiV(T{E))) cnt ont by the Ptolemy relations, identification relations, 
and edge orientation relations for T{E) together with the edge relations aronnd zero-edges of 
F. Since {T{E), F)) is (at worst) mildly degenerate, there are no points in A n U{t(e),f) 
violate transitivity, so all points in A n U(^t{e),f) ^-re in P{T,E') for some E' G E{T) with 
{T,E') < {T,E). It thns follows from (9.6) that A n U{t(e),f) eqnals P{T) C U(^'e{e),f)- Since 
P{T(E),F) is the non-vanishing set of a single polynomial, A n U(^t{E),F) is affine. This conclndes 
the proof of existence of an affine cover of P{E). 
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Given another triangulation T', P{'T) and P{T') are clearly isomorphic as sets since both 
parametrize non totally degenerate decorations. The fact that they are also equal as varieties 
follows from the fact that the images of P{T) and P{T') in A{V{M)) are equal (see the proof 
of Proposition 8.10). □ 


10. The reduced Ptolemy varieties 

The diagonal action on decorations, Ptolemy assignments, and natural cocycles extends canon¬ 
ically to the case where some of the Ptolemy coordinates are zero and some of the long edges 
are diagonal instead of counter diagonal. We define the reduced Ptolemy variety PrediP) to be 
the quotient of P{T) by the diagonal action. In [8] we showed that the reduced Ptolemy variety 
P(T)red can be computed by setting appropriately chosen Ptolemy coordinates equal to 1: 

Theorem 10.1 ([8, Prop. 1.16]). Let G be a graph in the one-skeleton of M, whieh eontains 
a (possibly empty) maximal tree, and has fundamental group Z. The redueed Ptolemy variety 
P{T)red is isomorphic to the subvariety of P{T) where the Ptolemy coordinates of all edges in 
G are 1. The same result holds for P^{T, E). 

Remark 10.2. In [8] this is only proved when G is a so-called “maximal tree with 1- or 3-cycle”, 
but the proof can be trivially extended to any graph with fundamental group Z containing a 
maximal tree. 

Theorem 10.3. Let E G T(T) be mildly degenerate. Then, there exists at least one graph G of 
nonzero edges which has fundamental group Z and contains a maximal tree. The reduced Ptolemy 
variety P(7~, i?)red is isomorphic to the subvariety of P[P,E) where the Ptolemy coordinates of 
all edges in G are 1. The same result holds for P°'{T,E)j.g^ and £’P(T, i?)red- 

Proof. Since E is mildly degenerate, the set of nonzero edges connects all vertices of T and 
contains cycles. Thus, we can choose a graph G with the above properties. Hence, the result 
follows from Theorem 10.1. The proofs trivially extend to the case of £P{T, Pl)red- D 

11. Summary of the proofs of main results 

Theorem 1.2 is an immediate consequence of Theorem 8.19 and Proposition 9.2. Theorem 1.4 
follows from Corollary 3.14. Corollary 1.5 follows from the fact that the image of each periph¬ 
eral curve is given by regular functions in the Ptolemy coordinates. Theorem 1.9 follows from 
Theorem 8.19 and the analogue of Corollary 3.14 for PSL(2, C). Theorem 1.10 follows from The¬ 
orem 8.19 and Corollary 3.14, and Theorem 1.13 is an immediate consequence of Definition 9.1. 

12. Examples 

Let M be the manifold in009 from the SnapPy census [3]. The census triangulation T of M 
is shown in Figure 15. We refer to the three edges as edge 1, edge 2, and edge 3, according to 
the number of arrow heads. By inspecting the figure, one checks that there are four transitive 
partitions: The non-degenerate partition where all edges are nonzero, the mildly degenerate 
partition where only edge 1 is zero, the mildly degenerate partition where only edge 2 is zero, 
and the totally degenerate partition (which we ignore, see Section 7.2). The edge relation around 
edge 1 is given by 

C23,0 C01,l ^ Cl0,0 C01,2 C23,l C32,2 _ ^ 

C21,0Cl3,0 C03,lC3iq Ci2,0C20,0 Co3,2C31,2 C21,lCi3q C30,2C02,2 


( 12 . 1 ) 
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Figure 15. Census triangulation of m009. The signs on the faces indicate the 
obstruction cocycle 


and the edge relation around edge 2 is given by 

C02,0 C30,l , C20,2 


Cl2,l 


= 0 . 


(12.2) + 

C01,0Cl2,0 C3i_iCio,l C23,2C30,2 Ci34C32,1 

Since there is no transitive partition where edge 3 is zero (except the totally degenerate partition), 
Theorem 10.3 implies that the reduced Ptolemy variety (all variants) is given by setting the 
Ptolemy coordinate of edge 3 equal to 1. 

12.1. The Ptolemy variety P{T). The identification relations corresponding to the three edges 
are 


(12.3) 


C23,0 = —C23,2 = —C01,l = Coi,2 = “CqI.O = “C23,l 
Cl3,0 = Cl2,l = —Cl3,2 = —C03,l = Cl3,0 
Cl3,l = C03,2 = C02,0 = Cl2,2 = “C02,l = C03,0 = C02,2 = Cl2,0- 


Letting x = 023,0, V = ci3,o and z = ci 3 ,i, the Ptolemy relations co 3 ,iCi 2 ,i + coi,jC23,i = C 02 ,iCi 3 ,j 
become 


(12.4) 


2 2 

z — X = zy, 


2,2 2 

-y +x = -z , 


2 2 

z — X = —zy. 


One easily checks that the only solution to this is x = y = z = 0 , so the Ptolemy variety P(T) 
is empty. 

12.2. The Ptolemy varieties P^{T). An elementary cohomology computation shows that 
Lf^(M;Z/2Z) = Z/4Z and that the three non-trivial classes are represented by cocycles cr® G 
C'^(M;Z/2Z) whose restrictions a\, to the A:th simplex of T are given by 

^0 — fo fii = /o + /l ) <^2 = 0 ) 

(12.5) al = r,+n, a? = /*+/*, al = r,+fl, 

^o = /i* + /2, 4 = ri+fh 4 = fo + ri, 

where /t G denotes the cochain taking the face fi opposite vertex i to —1 and all 

other faces to 1. The cocycle is indicated in Figure 15. 
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One easily checks that a\ = where 77 ^ is given by 

^0 = vl = £23> ^2 = 0, 

(12.6) rjQ = £23, = £12, hi = ^ 23 ) 

ho = ^03) hi = ^02) hi = ^23) 

where e*j G C'^(A;Z/2Z) is the cochain taking Sij to —1 and all other edges to 1. The Ptolemy 
variety for the trivial obstruction class is equal to P{T), which is trivial, as we saw earlier. Recall 
that the reduced Ptolemy variety is obtained by setting the Ptolemy coordinate 2 : of edge 3 equal 
to 1. 


12.2.1. Ptolemy variety for . The identihcation relations (4.1) are 


C23,0 = —C23,2 = —Coi,l = Coi,2 = “C01,0 = C23,l 
(12.7) Ci3,0 = —Cl2,l = Cl3,2 = C03,l = Ci3,o 

Cl3,l = C03,2 = C02,0 = Cl2,2 = “C02,l = C03,0 = C02,2 = Cl2,0. 
Again, letting x = C 23 , 0 ) U = ci 3 ,o and 2 ; = ci 3 q, the Ptolemy relations become 
(12.8j z —X = zy^ —y —x =—z ^ z —x = zy. 

Setting 2 = 1, the equations then have the three solutions 


(12.9) 


{x,y,z) = (0,1,1), {x,y,z) = (-1,0,1), 


{x,y,z) = (1,0,1). 


However, not all of these solutions are valid, since the edge equations may not be satished. The 
edge relation (12.1) around edge 1 (dehned when y and 2 are nonzero) is 


( 12 . 10 ) 


X —X 

-zy y{-z) 


X 


X 

zi-y) 


X 

H-h 

yz 


X 
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= 0 


which is satished when x is zero. Similarly, the edge relation (12.2) around edge 2 (dehned when 
2 and X are nonzero) is 


( 12 . 11 ) 


2 

-h 

—xz 



—zx 


—z 

—x{—z) 


+ 


-y 

z{-x) 


zx 



X 


which is not satished. Hence, the reduced Ptolemy variety for cj^ consists of a single point given 
by ix,y,z) = (0,1,1). 


12.2.2. Ptolemy variety for cj^. The Ptolemy relations are 

2|2 _ 2 1 2 _ 2 2 I 2 _ 

(12.12) z +x =yz, y +x = —z , z +x =—yz, 

_ 

which have no non-trivial solution. Hence, the Ptolemy variety P (T) is empty. 


12.2.3. Ptolemy variety for The Ptolemy relations are 

(12.13) z‘^ + x‘^ = yz, y‘^ + x^ = —z^, z‘^ + x‘^ = —yz, 

and setting 2 = 1 they are equivalent to 

(12.14) x^ + ?/ + l = 0, y^ + y + 2 = 0, 2 = 1 

_0-3 

Hence, there are no solutions with x or y being 0, and P (7~)red is dehned over the number held 
Q{w), where + 2 = 0, and is given hy x = w, y = —w"^ — 1, 2 = 1. 
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12.3. The Ptolemy variety EP{T) and the 74-polynomial. A fundamental rectangle for the 
boundary of M is shown in Figure 16. Using the rules illustrated in Figure 3 we obtain that the 
identihcation relations are given by 



(12.15) 


t2 2 2 d, 2 “ 

C23,0 = -m C23,2 = -m Coi,l = m Coi,2 = -mCQifi = -C23,l, 

c d 

Cl3,0 = Cl2,l = —Cl3,2 = —C03,l, 

d t2 —Ij 6—1, c a , t2 b 

Cl3,l — C03,2 — rn tC02,0 — fn tCi2,2 — —'Ri tC02,l — tC03,0 — mC02,2 — C12,05 


where the symbol = indicates that the identihcation is via the face pairing a. Hence, the Ptolemy 
relations become 

(12.16) mz^ — Ix^ — rn^yz, — Ix^ — m? z'^ — Ix'^ + m^lyz. 

One easily checks that there are no non-trivial solutions with x = 0. The edge relation (6.4) 
around edge 2 is 

ml~^z 


+ 


y 


+ 


—m ^z 


+ ^=0 


m^z + m^ly + mlz — ly = 0 


(12.17) , 7 . _2 ' -2 ^ ^ 

—m ‘^xz {—z)m —m ^x[—z) zx 

Adding this equation to the Ptolemy relations (12.16) and substituting z = 1, one can check 
(using magma [1]) that the system is equivalent to 

x^ + yl — + 3m® + m^l + — m^l — 2>w? — ml = 0, 

y‘^1 + yl'^ + — m? — m^l — ml^ — m — I = 0, 

(12.18) ym + yl + — ml — 1 = 0, 

yl^ — yl — m^l + mH"^ + m?l + m^ — ml^ + 2ml — 1^ = 0, 
m^l — 2m^l — m^l^ — m? — 2m^l + ^ = 0 . 

This shows that the A-polynomial of m009 is given by 

(12.19) A(m, 1) = m^l — 2m^l — m^l^ — m^ — 2m?‘l + 1. 

It also follows that £P{T) is a branched cover over the A-polynomial curve of degree 2. Another 
magma computation shows that it is given explicitly by 


( 12 . 20 ) 


x^ = — 


—m^ — 2m^l + ml 

P{m^ — 1) 


y = 


m? + ml 
m^l — I ’ 


z = 1, 


A(m, 1) = 0. 


Note that y and are regular functions on the A-polymial curve. 
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12.4. Recovering the representations. The dual triangulation of in009 has an oriented edge 
for each of the face pairings a, b, c, d, ti, and t 2 - The edges ti and t 2 form a maximal tree, so 
the fundamental group of m009 is generated by a, b, c, and d. By inspecting Figure 16 we see 
that 


(12.21) 7ri(M) = {a,b,c,d | cd~^a~^, cb~^d~^ba, ca~^bd~^), 
and that the meridian fj, and longitude A are given by 

(12.22) n = acb~^, A = d~^ cd~^bc~^ db~^. 


One also checks that the generators may be represented by edge paths in the truncated complex 
as follows: 


(12.23) 


® — /323,0“03,o/323,i“03,i/3oi,i(/3o 1 ,o) 0^02,0 

b = «02,o/3oi,0®12',o(/^23,o) 

^ — /523,o“03,0/3oi,o“l2p(/5oi,2) ^^ 03,2 


One can then compute the representations explicitly using the formulas for aij and given by 
Proposition 5.9. 


12.4.1. The representation with obstruction class We obtain 
(12.24) a = c = , b = d = I, pL = -X = I. 

This shows that the Ptolemy variety can detect reducible representations. It is boundary- 
degenerate as it must be by Proposition 7.8. 


12.4.2. 

(12.25) 


The representations with obstruction class . We obtain 
,3 _L ,,, 1 \ / -y 


a = 


w + w 
1 


1 

—w 


d = 


1 0 

—w 1 


b = 


T = 


—w 


—w + I 


A = 


w 

^ + l 

— 1 2w^ + w 

0 -1 



One easily checks that i7^(M;Z/2Z) = Z/2Z. Hence, by Theorem 1.9 there should be only two 
PSL(2, C) representations, not four. Indeed, replacing w by its Galois conjugate —w corresponds 
to conjugating the representation by the diagonal matrix with entries \/—1 and —y^—1. Note 
that the fixed field of the Galois isomorphism w i—>■ —w is Q(\/—7), which is the shape field of 
m009. 


12.4.3. The non-boundary-unipotent representations. Representing the generators by edge paths 
in the fattened truncated complex, we have 

® = /523,0“03,0/^23, i“03,1/3oi,i(/3oi ,o) 0^02,0 

^ = «02,o/3oi,o“i2',0"^ ^(/323,o) 

C =/523,0“03,o/3oi,o“l2p(/5oi,2) ^0^0312-^ 

d = ao2,o/3oi,o“r2',o-^~^’ 


(12.26) 
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where M = (™ ) and L = (* ^ ). Using this, we obtain 


(12.27) 


' —{m+l)x 


a = 


— m^—m 


4 — 
-1 
ml 


m 


d = 

where x is given by (12.20). 


' 

—lx I 
/ 

-1 0 ^ 

m j 


b = 


= 


mr+ml 
rri^ — l ) 

- 1^0 


0 m~^ 


c = 


A = 


' —{ml-\-l)x 


_ m^—m^ 


m-\-l 
P{m‘^ — 1) 


m 

—lx 



Remark 12.1. As mentioned in Remark 1.12 there is also an enhanced Ptolemy variety for 
representations in PSL(2, C) that are not necessarily boundary-unipotent. This Ptolemy variety 
has two additional components giving rise to curves of PSL(2, C)-representations that don’t lift 
to SL(2, C) (and therefore not detected by £P(T)). One of these components is a component of 
dihedral representations that are deformations of the representation (12.24). 


Acknowledgment. We thank Stavros Garoufalidis, Walter Neumann and Henry Segerman for 
helpful discussions. 
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